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Much is made of the fact that the mathematics necessary for

a proper understanding and calculation of equal-temperament

tunings was not discovered until the late 1500s, in China and then

shortly afterwards in Europe.

The Sumerians had an amazingly sophisticated grasp of

mathematics in ancient times.  Here I propose to explore the

method by which it might have been possible, 5000 years ago, 

for a Sumerian to calculate by hand the string-lengths which

divide a string into a tuning which closely approximates our 

familiar 12-tone equal-temperament.

The Sumerians used the sexagesimal (= base-60) place-notation

numbering system in their written calculations and math tables.

I will therefore use this system to show how a Sumerian could

obtain successively closer approximations to a desired

irrational value.

Since our perception of pitch is related logarithmically to

the mathematics of rational division and multiplication, what

we perceive as equal division of frequency is mathematically

calculated by taking roots of frequencies or string-lengths.

Another preliminary fact that must be noted is that measurement

of string-lengths is inversely proportional to the perception

of the resulting frequencies.  Thus, the mid-point of a length

of string would be 1/2 the length of the total string, and 

the frequency would be double that of the total string, thus

giving a ratio of 2:1.

We will assume that our hypothetical Sumerian is measuring

the frequencies on a monochord string.  For convenience in the

sexagesimal system, the length of the entire string will be 60 units,

which we'll also label as 0 cents.  The "8ve" (1200 cents) occurs

at the midpoint of 30 units.  

As I demonstrate the basic calculations to determine the

so-called "Pythagorean" scale, I will also review basic

sexagesimal math.

Finding the “Pythagorean” scale and comma

Let's call our string by the modern letter-name "F".

Of course, the "8ve" will also be "F".  To descend a

"perfect 4th" (ratio 3:2, ~701.955 cents) from the "8ve",

we have to multiply 1/2 by 4/3, or 30/60 by 80/60.  This

80/60 = 1 + 20/60, so is written sexagesimally as 1;20.

(1/2)*(4/3) = 2/3 = 40/60.  So the problem and its answer

is written sexagesimally as:

 1;20

*  30

-----

   40

In sexagesimal math, multiplying by 30 is the same as

dividing in half (just as multiplying by .5 is the same

for us in decimal).  So the above can be translated into:

 (60 + 20)

*     .5

----------

 (30 + 10) = 40

Thus, the "C" a "perfect 4th" below our "8ve" of "F",

and thus a "perfect 5th" (ratio 3:2, ~702 cents) above

the lower "F", occurs at 40 units from the bridge.

We repeat this procedure to find the "perfect 4th" below "C",

which would be 

 13      carry row

  1;20

*   40

------

 53,20   answer

Whenever answers in any "cell" exceed 60, one divides by 60, writes

down the remainder in the "cell", and carries the quotient over into

the next column to the left (noted here as "carry rows").

Here, 20*40 = 800.  Since 60*13 = 780, we write down "20"

and carry 13.  40*1 = 40, then we add the 13 to get 53.

So the note "G" is 53,20 (which we call 53 & 1/3) units

from the bridge.

Now, to find the "D" a "perfect 5th" *above* "G", we

*divide* the measurement for "G" by the ratio 3:2, which

is the same as multiplying by 2/3, which in sexagesimal

is again a multiplication by 40:

 35 13      carry row

    53 20

*      40

---------



 35 33 20   answer

Again, 20*40 = 800, write down remainder of 20, and carry 13.

53*40 = 2120, add 13 = 2133.  Since 60*35 = 2100, write down

remainder of 33 and carry 35 into next column.

Thus, "D" occurs at 35,33,20 units from the bridge.

This procedure can be easily carried out by hand, until

one reaches the thirteenth pitch (our "E#") and finds that

it is very close to the "8ve":

       ------------ string-length  --------------

note   fraction     sexagesimal        decimal

E#  262144/531441  29,35,46,21,35...  0.493270184

F        1/2       30                 0.5

E      128/243     31,36,17,46,40     0.526748971

D#   32768/59049   33,17,44,39,17...  0.554928957

D       16/27      35,33,20           0.592592593

C#    4096/6561    37,27,27,44,11...  0.624295077

C        2/3       40                 0.666666667

B      512/729     42,8,23,42,13,20   0.702331962

A#  131072/177147  44,23,39,32,22...  0.739905276

A       64/81      47,24,26,40        0.790123457

G#   16384/19683   49,56,36,58,55...  0.832393436

G        8/9       53,20              0.888888889

F#    2048/2187    56,11,11,36,17...  0.936442615

F        1/1       60                 1

Thus it would be immediately apparent (without finishing the

calculation, as soon as one arrives at 29,35) that the ratio

for "E#" would be slightly less than 30/60, and this would

constitute numeric proof that the "8ve" is not equal to

6 "whole-tones" (of ratio 9:8).  This ratio of 531441/524288

is known to us today as the "Pythagorean comma", but obviously

the recognition of it occurred long before Pythagoras's lifetime.

It might be useful at this point to a calculation, to show explicitly the conversion between sexagesimal and decimal math.

We may choose as our example the ratio of the Pythagorean

"major 3rd", which we know as ratio 81:64.  What I will show

here is the method for converting from our decimal notation

into sexagesimal notation, or converting the denominator from

units of 81 to units of 60.

81 is 60 + 21, or sexagesimal 1;21.  The reciprocal of 1;21

is 44,26,40, well attested in many Babylonian math texts.

64 is 60 + 4, written 1;4.  

 2  1  2      multiplication carry row

   44,26,40

*      1; 4

===========

 1  1         addition carry row

-----------

 2 57 46 40   results of multiplying by 4

44 26 40  -   results of multiplying by 1, shifted

-----------

47,24,26,40   final answer

The Babylonian tablets attest that the Sumerians had

worked out a sophisticated _thetic_ system of modal

classification.  It would be easy to understand this 

system in the _dynamic_ sense if the discrepancy at

the end of the cycle (the "Pythagorean comma") was

divided up and distributed among all the other intervals,

which would result in 12-tone equal-temperament.

The Sumerians were capable of finding good approximations

for both square- and cube-roots, so in determining a measurement

for a tempered scale, the starting point would be to find a

string-length for the tempered "major 3rd", as it would be the

cube-root of 1/2, or to a Sumerian, the cube-root of 30.

Finding the tempered “major 3rd”: 2(1/3)
In our calculations above, we have already found that (64/81)^3

is measured at ~29,35,46,21,35... units from the bridge, making

that interval somewhat larger than the "8ve".  In our notation

it's 531441:262144, ~1223.46 cents.  So we begin by knowing

that three successive Pythagorean "major 3rds" exceed an "8ve".

Another familiar type of “major 3rd” is the 5-limit JI “major 3rd” with

Ratio 5:4, ~386.314 cents.  We want to see how closely three of

these approximate the “8ve”, so first we find the cube of 4/5, or in modern notation, (4/5)^3.

     48

*    48

-------

  38,24

   38,24

*     48

--------

30,43,12

Thus, the measurement of (4/5)^3 is slightly farther from the bridge

than the string's midpoint of 30, making the interval composed of

three 5:4's somewhat smaller than the "8ve".  In our modern

rational notation we call it 125:64, ~1158.94 cents.

Thus, we are looking for a tempered "major 3rd", and that tempered

version lies between the two familiar rational intervals. So we'll

restate the problem in sexagesimal mathematical terms,

and also relate it to our familiar measurement of cents.

The JI "3rd" is the 5:4 ratio (~386.3 cents), which is

4/5 or 48/60 of the string-length as measured

from the bridge. The Pythagorean "3rd" is the 81:64 ratio

(~407.82 cents), which is almost midway between 47/60 and 48/60.

We want to find the fraction of 60 which gives the 400-cent "3rd".

So we begin by taking the mean value of these two "major 3rds".

Start by adding together the two terms:

  1

    47 24 26 40

+   48

----------------

  1 35 26 26 40 

Then divide each of these numbers by 2:

0.5 17.5 12 13 20

We need to remove the decimal components, so we remove

.5 from 17 and add 30 to the 12 in the column next to it,

and we also remove .5 from the first column and add 30

to the 17 in the column next to it:

  0.5 17.5 12 13 20

- 0.5  0.5

+     30   30

-------------------

      47   42 13 20

So our first answer for the tempered "major 3rd" is

47,42,13,20 units from the bridge.

Next we check on the accuracy of this result by cubing it.

I will assume from this point on that the reader is capable

of performing the intermediate steps in the arithmetic.

Also, from now on we will limit our calculations to three places of accuracy, because in practice, differences in the fourth place

would be inaudible, so it is unnecessary to carry the accuracy

out to more than three places.  Numbers in the third place will

round up if the fourth place is greater than 30, and down if it is less.

    47 42 13

*   47 42 13

------------

   ~37 55 39 

*   47 42 13 

------------

   ~30  9 17

So we see that stacking three of these tempered "major 3rds"

results in an interval measured at 30,9,17 units from the bridge,

or ~1191.09 cents.  This is considerably closer to our target, but

can still be improved.  So we find another mean, this time between

the result we just calculated, and the Pythagorean "major 3rd".

  1

    47 24 26

+   47 42 13

------------

  1 35  6 39 

/          2

------------

    47 33 19 30


Now we check the accuracy of this subdivision by cubing it:

   47 33 20

*  47 33 20

-----------

  ~37 41 32

*  47 33 19

-----------

  ~29 52 28

This result, measuring 29,52,28 units from the bridge, is 

~1207.3 cents.

We'll take one more mean and that should give a sufficiently

accurate result.  So now we find the mean between the two

tempered "3rds" which we've calculated:

     47 42 13

+    47 33 20

-------------

   1 35 15 33

/           2

-------------

     47 37 47

Cube this to check accuracy:

   47 37 47

*  47 37 47

-----------

  ~37 48 35

*  47 37 47

-----------

  ~30  0 52

Here we have finally found an interval which is audibly

indistinguishable from the "8ve".  It would be measured

at 30,0,52 units from the bridge, which for all practical

purposes is the same as 30.  If it could be produced

accurately, it would measure ~1199.167 cents.

Now, by simply trying other values for the third place

and calculating the cube, we can get as close as possible

to our target.  We find that the cube of 40,37,19 is

29,59,59 units, ~1200.016 cents.

So we will set down the value for our tempered "major 3rd"

as 47,37,19 units.  This is ~400.0001375 cents.

Finding the tempered “whole-tone”: 2(1/6)
Our next task is to determine the value of the tempered

"whole-tone", which we obtain by finding successively

closer approximations to the square-root of our tempered

"major 3rd".

We do this by again taking the mean of two values which

we already know to be close to our target.  In this case,

our starting ratios will be the Pythagorean "whole-tone"

of ratio 9:8 (~203.91 cents, 53,20 units from the bridge)

and the other "whole-tone" which commonly occurs in 5-limit

JI, of ratio 10:9 (~182.4 cents, 54 units from the bridge).

   53 20

+  54

--------

 1 47 20

/      2

--------

   53 40

In this case the mean is actually very easy to compute

mentally: 54 is the same as 53,60, and so the difference

between the two terms is 0,40, whose mean is 20.  Add 0,20

to 53,20, or subtract it from 54, to get 53,40.

Now square 53,40 to see how closely it matches our tempered

"major 3rd":

       53 40

*      53 40

------------

 48  0  6 40

This is not too close to our goal of 47.37.19, but note in passing

that it *is* almost exactly the same as the JI "major 3rd" of ratio

5:4, which is 48 units from the bridge.  Thus, 53,40 units gives

an extremely accurate "meantone", ~193.124 cents.  Compare

with the ~53,39,56 units and ~193.157 cents for the true meantone

of (5/4)^(1/2).

So we continue by finding another mean, this time between

the Pythagorean "major 3rd" and the "meantone" just calculated.

This one is a trivial mental calculation, as one can easily

see that the mean between 53,20 and 53,40 is 53,30.

Square it to check the accuracy:

   53 30

*  53 30

--------

47 42 15

This measurement, ~397.017 cents, is indeed quite close to

our tempered "major 3rd" of 47,37,46 units.

Let us try to improve on this by taking the mean of this

new "whole-tone" and the Pythagorean "whole-tone".  Again

the calculation is trivial: the mean of 53,20 and 53,30

is 53,25.

Square it to check the accuracy:

     53 25

*    53 25

----------

 ~47 33 20

This is ~402.42 cents.

Let us do one more calculation to get closer.

This time we will take the mean between the last two

calculated "whole-tones".  The exact midpoint of

53,25 and 53,30 is 53,27,30.

Square it to check accuracy:

  53 27 30

* 53 27 30

----------

 ~47 37 47

Now we are very close to an exact division of our tempered

"major 3rd".  Again, we may now simply try other values for the

third place until we get as close as possible to our target.

We find that the square of 53,27,14 is almost exactly our

tempered “3rd” of 47,37,19.  Thus, we can set down our

tempered "whole-tone" at 53,27,14 units, ~200.00111 cents.

Finding the tempered “semitone”: 2(1/12)
The final remaining task is to find the tempered "semitone"

by taking the square-root of this tempered "whole-tone".

Here we can begin with the two familiar Pythagorean semitones,

the _limma_ of ratio 256:243 at ~56,57,11 units from the bridge

(~90.225 cents), and the _apotome_ of ratio 2187:2048 at

~56,11,12 units (~113.7 cents).

First we find the mean:

    56 57 11

+   56 11 12

------------

  1 53  8 23

/          2

------------

    56 34 11 30

Then we square it to see how close the result comes to

our tempered "whole-tone" of 53,27,30 units:

  56 34 12

* 56 34 12

----------

 ~53 20 10

This is good, but we can do better.

Since our first calculated "semitone" is a bit larger

than the target, we take the mean of this and the _limma_:

    56 34 12

+   56 57 11

------------

  1 53 31 23

/          2

------------

    56 45 42

Square this to check accuracy:

  56 45 42

* 56 45 42

----------

 ~53 41 53

This is not as close as our last answer, so we now take 

the mean between these two results:

  56 45 42

+ 56 34 12

----------

1 53 19 54

/        2

----------

  56 39 57

Square it to check accuracy:

  56 39 57

* 56 39 57

----------

 ~53 31  1

We'll try to get closer by taking the mean between

our two most accurate values:

  56 39 57

+ 56 34 12

----------

1 53 13  9

/        2

----------

 ~56 36 35

Square to check accuracy:

  56 36 35

* 56 36 35

----------

 ~53 24 40

Now find the mean between these last two:

   56 39 57

+  56 36 35

-----------

 1 53 15 32

/         2

-----------

  ~56 37 46

Square to check accuracy:

  56 37 46

* 56 37 46

----------

 ~53 26 54

Here at last we have come within 1/60 of our target value.

At ~100.11 cents, this "semitone" of 56,37,44 units

is certainly audibly indistinguishable from 2^(1/12).

In fact, the actual 3-place sexagesimal value for the

12-tET semitone 2^(1/12) is 56,37,57, which again we

could find by trying other values in the third place.

Note, however, that at ~99.973 cents, 56,38 units is a

very convienient two-place approximation to the correct value.

Using this approximation simplifies calculations a great deal,

and so we may accept it as our value for the “semitone”.

Our hypothetical Sumerian could then easily check his

work by multiplying this value by itself 12 times, to

see how closely his final result comes to the target of

30 units.

60

56,38

53,27,20

50,27,22

47,37,30

44,57,10

42,25,50

40,02,59

37,48,09

35,40,53

33,40,45

31,47,22

30,00,21

This final result is ~1199.6634 cents, again, audibly

indistinguishable from the actual "8ve" under all

oridinary circumstances.  Our task is complete.

